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Executive Summary

This presentation provides an overview of sequential
space-filling designs, with the focus on designs that are most
suitable for the test and evaluation community.

There are few recommended methods to help testers
plan efficient modeling and simulation studies. Space-filling
designs are a rigorous choice, but a drawback of standard
methods is that they require the final sample size to be
selected prior to testing. More efficient testing can be
completed by using sequential design strategies, which
choose test points without knowledge of the final sample
size. Using sequential designs can prevent oversampling and
help to augment poorly designed tests.

Space-filling designs are a type of experimental design
that are used for modeling and simulation (M&S) studies.
Unlike traditional experimental design methods, they
provide good coverage of the operational space, and are thus
typically better at capturing model trends. These designs are
selected based on some space-filling criterion, of which
there are many. Sequential space-filling designs, the topic of
interest in this presentation, are sequential designs which are
space-filling at every step of the testing process.

11

In addition to sequential space-filling designs, there is
another type of sequential design that is potentially useful to
the test and evaluation community. This is called adaptive
sampling (or active learning in the machine learning
community), and it selects new test points based on model
output. Rather than relying on coverage of the operational
space, adaptive sampling chooses test points where the
model is least certain; either where there is no data, or where
there are complicated response dynamics.

Categorical variables in test and
evaluation data. Although many statistical methods exist to

sequentially design experiments, most cannot accommodate

arc common

categorical variables. Additionally, many data sets contain
binary outputs, such as hit/miss. This is another important
distinction because it affects the selection criterion used for
adaptive sampling. One key aspect of this presentation is the
identification of sequential design techniques that allow both
categorical variables and binary outcomes.

IDA researched sequential space-filling designs and
adaptive sampling techniques and compiled the three
methods most likely to be of use for the test and evaluation



community. We then performed a simulation experiment to
compare the performance of those three methods.

In our simulation, we studied a Bernoulli outcome
scenario with categorical factors, and applied three
sequential space-filling design methods: adaptive sampling,
sequential MaxPro!, and sequential sliced Latin hypercube
designs. Simulation results indicate that all three methods
performed similarly. Based on this finding, and due to its
flexibility, we recommend that testers use the MaxPro
method for sequential space-filling designs in M&S studies.

Joseph, V. Roshan, Evren Gul, and Shan Ba. “Designing Computer
Experiments with Multiple Types of Factors: The MaxPro
Approach.” Journal of Quality Technology 52, no. 4 (October 1,
2020). https://doi.org/10.1080/00224065.2019.1611351.
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Bottom Line Up Front

Motivation: Few recommended methods exist to help testers plan efficient M&S studies
* SFDs are a rigorous choice, but standard methods require sample size to be selected prior to testing

» Efficient testing can be achieved by using sequential design: choosing test points without knowledge of
the final sample size

* Sequential designs prevent oversampling and can be used to augment poorly designed tests

Project Goal: Review existing sequential SFD methods and provide recommendations on the
best designs for scenarios we expect to see in T&E

Outcome: We used a simulation study to compare sequential SFDs and will publish a
literature review of them with recommendations for the T&E community

SFD: Space-filling design; M&S: Modeling and Simulation; T&E: Test and Evaluation [D E



IDA’s Operational Evaluation Division (OED) provides technical and
analytical support to DOT&E
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DOT&E: Director, Operational Test and Evaluation; DOE: Design of Experiments



Design of experiments is used to choose the “best” test points

* DOE provides a numerical measure of design quality through metrics such as power

* C(lassical DOE methods favor replicates and points near the boundaries
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DOE: Design of Experiments
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Space-filling designs are often used for M&S

* SFDs provide good coverage of the operational space

* They are typically better at finding model trends than classical design strategies

Value

—_— High

Low

Ground Truth

Figure from Wojton et. al (2021)
M&S: Modeling and simulation; SFD: Space-Filling Design
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Test points can be collected all at once or sequentially

DOE
* Choose all test points at once * Test points chosen one (or a few)
* Creates the best design of a at atime
particular size (set in advance) * Experiment stops when “enough”
* May lead to oversampling test points have been collected

Sequential designs are attractive because of their flexibility.

DOE: Design of Experiments



Goal: find designs that are space-filling at every stage of sequential design

GOOD sequential

design

BAD sequential
design
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Sequential test points can be found in two ways

Space-filling

\
N

* Selected based on space-
filling criterion

e Aims for coverage of
operational space

DOE: Design of Experiments

Adaptive
Sampling

Selected based on model
output

Aims to cover spaces where
predictive variance is high

IDA |-



Available Sequential Space Filling Designs

o Adaptive
Space-filling Sampling
* LHD
*  Maximin
" LMaxfro Continuous Binary
* Nested LHD R
« [Sliced LHD Response esponse
* FSSF
* ALM * |Predictive
* |ALC entropy
* Fisher
Information

LHD: Latin Hypercube Design; MaxPro: Maximum Projection; FSSF: Fully Sequential Space-Filling; ALM: Active Learning MacKay; ALC: Active Learning Cohn [D E
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New test points can be added one at a time or in batches

One at a
time (+1)

Batch (+3)
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Larger batches may yield better designs, but may waste resources.
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Visualization of data used in simulation*

Probability of Kill

Kill/No-Kill

*All data are notional
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Model performance at maximum sample size is roughly equivalent to fixed
sample size performance

Brier score
& Lower is better
o
7] A Adaptive Sampling
We recommend MaxPro —e— MaxPro, batch size 1
2 ] . i MaxPro, batch size 6
9 o | because it is the most flexible. axPro, batch size
? —e— MaxPro, batch size 12
ko - Sliced LHD, batch size 6
o —e— Sliced LHD, batch size 12
~ ®  Fixed size MaxPro
o A  Fixed size Factorial
@
= -

12 18 24 30 36 42 48
Number of test points

MaxPro: Maximum Projection; LHD: Latin Hypercube Design [D
A 12



Summary and Recommendations

» Sequential design does not require researchers to set sample size in advance
- This can lead to greater test efficiency (e.g., saving time, money, and resources)

* [t is important that designs be space-filling at every stage of sequential design process

* My project was to find sequential space-filling designs that were most applicable to IDA’s
work: those with existing software, and those which can handle categorical variables
- Three methods fit these criteria: MaxPro, SLHD, and Adaptive Sampling
- Since there is no clear winner, we recommend the MaxPro design for its flexibility

* The Test Science group should use these findings to coordinate with other research staff
about when to use sequential DOE

MaxPro: Maximum Projection; SLHD: Sliced Latin Hypercube Design; DOE: Design of Experiments

IDA | =



Future Work

* We are writing a paper to document our findings for the T&E community

* Expand the research to metrics that indicate when to stop testing
—The metrics used in the simulation would not be accessible during real testing

IDA |«



Thank you for listening! Questions?
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| conducted a simulation study to compare sequential space-filling
methods

e Methods:

e The three previously mentioned methods
e Comparison: Fixed sample size designs, where size is maximum size of experiment

e Batch sizes:
e 1,6,12

* Each rep begins with 12 test points, and then sequentially adds test points up to size 48
* Each test point is sampled 100 times to approximate kill/no-kill rate

7 7 /7
Analysis Analysis Analysis
V4 / yA

Graphic taken from Test Design & Reporting course [D E
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