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Executive Summary

Sequential methods is a type of statistical evaluation in
which the number, pattern, or composition of the data is not
determined at the start of the investigation, but instead
depends on the information acquired during the
investigation. Although sequential methods originated in
ballistics testing for the Department of Defense (DoD), it is
underutilized in the DoD. Expanding the use of sequential
methods may save money and reduce test time.

In this presentation, we introduce sequential methods,
describe its potential uses in operational test and evaluation
(OT&E), and present a method for applying it to the test
and evaluation of defense systems. We evaluate the
proposed method by performing simulation studies and
applying the method to a case study. Additionally, we
discuss some of the challenges we might encounter when
using sequential analysis in OT&E.
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Use information gained at each stage of experimentation
when considering how to continue the investigation

Experiments, Data, and Observations

A x
Analysis Analysis Analysis

Theories, Hypotheses, Expert Opinion

Examples of
Sequgntial HO vs Ha HO vs Ha Ho vs Ha HO vs Ha
Testing 51 = logh, Sz =51+ logh, S3 =S, + logAs Sp = Sp—1 +loghy
S tial PN A~ PN P
E‘iﬂﬂ.&i M1, 01 Uz, 07 U3, 03 Un, Opn
/T e

°

Sequential ® [ )
Design
°
Scregning Interaction Higher’Order Validation Designs
Designs Designs Designs

* Hy is the null hypothesis; H, is the alternative hypothesis; S is the test statistic; logA is the log-likelihood ratio; fI is the recursive
estimate of the mean; & is the estimate of the recursive standard deviation IDA 2



Sequential methods support integrated testing

DT
(experimental testing)

IOT&E
(evaluation testing)

Integrated Testing*

Statistical Methods to support Test Efficiency:
N Sequential Methods
(Frequentist and Bayesian)

Requirements for Successful Implementation:

D = i
05 @ ,“/
- = = 222 N1
Collaborative Early Shared “How to” . .
Planning Planning  Data Trainings Applications

DT — developmental test; IOT&E — initial operational test and evaluation

*“Integrated testing requires the collaborative planning and execution of test phases and events to provide shared data in support of independent analysis, lDA 3
evaluation, and reporting by all stakeholders.” — Department of Defense Instruction 5000.89, “Test and Evaluation,” November 19, 2020. ——



Sequential methods have been around since World
War |l and are still being used

Late 1942 the SRG was tasked to evaluate an
approximation developed by Captain G. L.
Schuyler for calculating the probability of a hit
by anti-aircraft fire on a directly approaching
dive bomber.

1943: Wald develops Sequential
Probability Ratio Test

1945: Methodology Declassified

SRG — Statistical Research Group




The NAS report (1998) included some of the benefits
and challenges of using sequential methods in T&E

“In the application of operational testing, wide use of sequential testing could
result in substantial savings of test dollars and a decrease in test time.”

Why hasn’t sequential testing become the norm in defense testing?

“The need to obtain expedited analysis of test results and the scheduling of

soldiers and test facilities makes sequential designs difficult to apply in some

circumstances... The panel is concerned that the technical demands of these
tests contributes to their infrequent use. ”

But not trying would be unfortunate given the advantage of
reducing test cost and time.

T

Scatistic8.

=
T(*stmg. and

> =
ew Approaches and
ethodological Improvements

NAS — National Academy of Sciences



Sequential methods could be applied to operational
testing and evaluation

e Can the Q-53 detect shots
with high probability?

* Can the Q-53 |locate the
origin of a shot with
sufficient accuracy to
provide an actionable
counterfire location?

Soldiers Emplacing the AN/TPQ-53 (Q-53) Counterfire Radar

Figure Source: Freeman, Laura J,, et al. "Testing defense systems." Analytic Methods in Systems and Software Testing (2018): 441.




We would like to know if the radar’s failure rate” is

higher than what is expected

Current Test Procedure:
One Sample Proportion

Ho:p < po
Hitp 2 p1 =po+A

p —value = P(X > x|py)

Decision Rule:
* Rejectif p —value < a

*The failure rate is the proportion of times the radar fails to detect the incoming projectile.

Notional probabilities; not based on data.

nificance level; log(A) -- log-likelihood ratio

A —acceptance region; R — rejection region; S — test statistic; x — number of successes; a — signifi

Sequential Test Procedure:
Seqguential Probability Ratio Test

Ho:p < po
Hi:p 2 p1 =po+A

Si = Si—l + log(Al) ) [ = 1,2, e 07

Decision Rule:

* S5; = R reject Hy and accept H,4
* A<S; <R, continue sampling
 5; < A accept H



The sequential probability ratio test in action

Stop
testing

Continue
testing

N
1

In this example,
we could reject
our null
hypothesis after
nine shots!

Total Failures

-
Q
| ®
x

Sample Number

Source: https://test-science.shinyapps.io/Shiny-SPRT/




Does it really work? Can we control for error?

Ho:p=po Hy:p=p;

Error Rate Average Sample Size (Standard Deviation)
Method
Type | Type Il Under Hy Under H4
SPRT 0.151 0.203 26.5 (18.5) 23.7 (18.7)
Exact Binomial Test 0.122 0.192 50 50

Simulation Study Settings: N =1000, « = 0.2, § = 0.2
Traditional Method Settings: obtained using JIMP One Sample Proportion Sample Size Estimate IDA 9

Do and pq are the failure rates under the null and alternative hypotheses, respectively



The performance of combat systems is likely affected
by a variety of physical factors

Example: Q-53 Counterfire Radar Mission

Weapon
Design Factor Level
Quadrant Elevation (QE)
Angle between ground and weapon's tube Quadrant Elevation (QE) Low, High
s e e P Aspect Angle (AA) Low, High
e Munition Type Mortar, Rockets, Artillery

Shot Range (SR) Low, High

Radar Operating Mode 90 deg, 360 deg
Radar to Weapon Range (RWR)  Low, High

Figure Source: Freeman, Laura J., et al. "Testing defense systems." Analytic Methods in Systems and Software Testing (2018): 441. lD u
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We could plan a test using the “traditional” DOE
approach...

Full Factorial — 486 test points I B O IS P D D R P |
_ Charactenze e e S o I T )

- Main Effects + Interactions + Quadratic _
TermS e S e O e o B I

uuuuu 2 T T T T S S S R
o0deg = s+ » x4 s s w w s s x s 4 s aa s s a s aa . a
T T T T T T
L T T T S S
e T T T e S R
T T T T S S S T
RRRRRRRRRRRRRRRRRRRRRRRRRRRR
Type
SR
1 1] 1
RWR RWR RWR
o o o

360deq * "
%0deg ¢ v ¥
360deg *

- S . ) . °R: D-optimal design — 184 test points

ww - - - - - Characterize

T T ' Al - Main Effects + Interactions + Quadratic
e - o Terms

IR | E=s _mEa g - Requires research-specified model

9deg ¢+ + v e
nnnnnnnnnnnnnnnnnnnnnnnnnnnn

DOE — Design of Experiments IDA 11



...or we could use a sequential DOE approach

Screening

Phase 1

Use D-Optimal
design to pick
nq test points

Non-significant
interactions
at aq level

Do not

include in
phase 2

S
Fit
model

tions in phase 2 in addi-

‘ Include these interac-
tion to all main effects

|

@ z

( Conduct a test for curvature ]

p-value < a.

not previously in-

Add any interactions
cluded in phase 1

Interactions

Use D-Optima
design to pick
ng test points
(n1 + na2 total)

Non-significant
terms at
a9 level

_ p-value =

p-value >ay

2. The final model is all

No need to continue to phase
covariates with p-value < a

ol

Quadratics

Each phase of data collection informs the collection of the next set of test points.

In final
model

Use D-Optimal

design to Significant
i terms at ag
pick ng test o
points (n1 + eve
Fit model

Non-significant
terms at as
level

Remove
 from model

Steps within each test phase
Determine test points
Collect data
Fit model
Analyze data
Stop or continue with next phase

IDA |-



Does it work?

True Model*

Model 1:
Main Effects + Interactions + Quadratic

Model 2:
Main Effects + Interactions

Model 3:
Main Effects

*Models are notional and not based on true system performance!

Simulation Settings:

* D-Optimal design
* 1,000 data sets
o ={1,3,4}
*a
oPhase 1 =0.30
oPhase 2 =0.15
oPhase 3=0.15

IDA |



The simulation stops at the test phase we expect it to

True Model*
Model 1:
Main Effects + Interactions + Quadratic
Model 2:
Main Effects + Interactions
Model 3:
Main Effects
Model 1 Model 2 Model 3
Phase
1 2 3 1 2 3 1 2 3
o
1 0% 7.80%
3 0.30% 2.70%
4 1.80% 3.70%

*Models are notional and not based on true system performance.

IDA |



Sequential methods might provide opportunities for
test efficiency (substantial time & cost savings)

Results
from a
Simulation

1501

Study*

Important Caveat: With fixed
sample sizes within each

Average Test Sample Size I

phase, it is possible to design

10 smaller tests using non-

i sequential DOE, but we would
be inherently making an
assumption about the true

d model and potentially missing
I I out on important factors.
N

Non- c=10c=30=4 c=10=30=4 c=10c=30=4

Sequential
Sequential Model 1: Sequential Model 2: Sequential Model 3:
SNR =1, 80% ME +1+Q ME + 1 ME

Power; 80%
Confidence

Sequential methods do not necessarily guarantee the smallest

test design — assumptions about the true model matter!

| —interactions; ME — main effects; Q — quadratic; SNR — signal-to-noise ratio lDA 15
L%

*Models are notional and not based on true system performance.



Implementation of sequential analysis has potential
challenges

Scheduling and Data collection, Misuse
budgeting management, and | e e i s

analysis this?
* This could result in
incorrect conclusions

* How can we plan for an
unknown test length? * Quick decisions that
* Real time updates influence the next phase

Competing Modifications

objectives - Did the system change

« Test phases might not much since the last test
share the same test goal phase?

Challenges do not mean this is not doable, but will
take time to think through the appropriate applications

IDA

16



Closing thoughts

Applying a sequential strategy to T&E may help to speed up testing and save in cost
by reducing the number of test runs required on average

BUT

Methods require:
* Access to data during testing to perform real-time analyses and decision making

e Flexibility in the manner in which the experiments are completed
* Close collaboration between testers, subject matter experts, and analysts

1D 17
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Go gle Scholar sequential analysis B

Articles

Sequential Testing: A collection of hypotheses tests performed in a sequential
manner for which one must decide it more data needs to be collected.

Sequential Estimation: An estimation \orocedure (e.g., point or interval
estimation) performed in a sequential manner

Sequential Design: A procedure that allows the experimenter to choose among
experiments to perform at each stage or to vary the treatments sequentially.
Each experiment builds on information gained ¥rom the previous experiment in
considering how to continue the investigation.

IDA |



Experiments, Data, and Observations

x
Analysis Analysis Analysis
Theories, Hypotheses, Expert Opinion
Examples of
Sequential HO vs Ha HO vs Ha HO vs Ha HO &) Ha
Testi — —
esting S1 = logh, S; = 81 + logA, Sy =S, + logAs Sn = Sp-1 +1loghy
Sequential —~ A~ o~~~
Estimation M1, 01 Uz, 03 HUn, On
T e
[
Sequential ® ®
Design
[ J
. . [ . . .
Scregnmg Interaction Higher-Order Validation Designs
Designs Designs Designs
Hy is the null hypothesis; H, is the alternative hypothesis; S is the test statistic; logA is the log-likelihood ratio; /I is the recursive estimate of the mean; & is the estimate of the recursive standard deviation lDA 20



In sequential tests, as well as in current test procedures,
we have to protect against committing two kinds of errors

True Combat Observed Test .
Performance Result QLR Sl
Test concludes new Power States new system is
system is better (80%) better than legacy
New system is better
than legacy ; .
Risk of Incorrect Conclusion States system is
et ganelielss st Wl (Type Il Error) ———  same/worse than
or worse
(20%) legacy

Risk of Incorrect Conclusion :
(Type | Error) States system is better

than legacy
: (20%)
New system is same
or worse than legacy .
Test concludes new Confidence States system is
system is the same or same/worse than
worse (80%) legacy

DOT&E can choose values

Test concludes better ——

v
>
>
v




What do we mean by statistical modeling?

Intercept

=B,

B is a coefficient that
we estimate from the
collected data

Main Effect: The change in the response produced by changing the level of a factor.
» Ex: A difference in the mean location accuracy when we change radar mode.

Interaction effect: Occurs when the change in the response between the levels of one factor
is not the same at all levels of the other factors (e.g., factors work in a synergistic fashion)

» Ex: The artillery projectile had larger miss distances for longer radar weapon to range
distances. This same change was not observed for the mortar projectile.

IDA
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SDOE method produces models that include fewer
extraneous factors than the traditional D-optimal method

Average Number of Extra Factors Included in the Final Model and
Number of Times the Correct Model Was Contained in the Final
Model Across All Settings

SDOE Traditional D-Optimal

Model o Extra Factors (SD) CCM Extra Factors (SD) CCM*
1 1 222 (2.00) 909 454 (2.78) 1000
3 209 (1.93) 775 454 (2.78) 1000

4 1.90 (1.77) 753 454 (2.78) 1000

2 1 3.00 (2.42) 1000 4.94 (2.85) 1000
3 297 (242) 975 4.94 (2.85) 1000

4 298 (2.33) 876 4.94 (2.85) 1000

3 1 3.37 (2.06) 1000 5.33 (2.86) 1000
3 3.38 (2.10) 998 5.33 (2.86) 1000

4 3.39 (2.06) 997 5.33(2.86) 1000

*CCM is “contained correct model” and denotes the number of data sets in which the correct model was contained in the final selected

model. IDA |=
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