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Abstract

Statistical power is a useful measure for assessing the adequacy of an ex-
perimental design prior to data collection. In an experimental design, power
is the probability of correctly concluding a factor or interaction effect in a
model is significant. For a fixed model, power increases with sample size,
making it a useful measure for determining the scope of a test prior to data
collection. For normally distributed response variables, power calculations
are widely available in experimental design software. However, many prac-
tical applications result in non-normal responses. Generalized linear mod-
els provide many useful analysis methods for non-normal responses. While
statistical software routinely includes generalized linear models in analysis
packages, power calculations for generalized linear models are not widely
available in experimental design modules. This paper proposes a signal-to-
noise transformation method (SNRx) that enables generalized linear model
power approximations using normal linear model power calculations, making
them generally available to all practitioners. This paper details the process
for defining an effect size, constructing the coefficients for the test, and calcu-
lating power for the family of generalized linear models. A simulation study
demonstrates that SNRx power results agree with Monte Carlo simulation.

1. Introduction

Experimental designs are used across a variety of fields to aide in the
planning, execution, and analysis of an experiment. In the planning phase
we determine the test objectives. These objectives guide the development of
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the factors, levels, and response variables [1]. In the Department of Defense,
recent policy has emphasized the importance of using Design of Experiments
in all operational testing[2].

Equally important in the planning phase is the assessment of the experi-
mental design. An assortment of measures are available to assess the good-
ness of an experiment prior to data collection. Hahn, Meeker, and Feder call
these “measures of precision”[3]. These measures include standard error of
predicted mean responses, standard error of coefficients, correlations metrics,
and optimality criteria values. Measures of precision are affected by many
aspects of the plan, including the choice of factors and levels, the assumed
model form, the combination of factors settings from run to run, and the
total number of runs in the experiment.

Effect power is an important measure of precision and the focus of this
paper. Effect power is the probability of concluding that an effect impacts
the response variable when it is truly active. In general, the power of an
effect increases with sample size, making it a useful measure for determining
the scope of a test prior to data collection. Here we focus on a second-order
model for designs with multi-level categorical factors. FEffects considered
include the main effects and two-factor interactions [4].

In many Department of Defense tests the response variables are not nor-
mally distributed, thus classical linear modeling approaches do not apply.
In these cases, generalized linear models provide a viable alternative. II-
lustrative applications include modeling probability of detection (logistic re-
gression), number of enemies defeated (Poisson regression), and failure rates
(gamma or exponential regression).

Experimental design software that calculates power for classical linear
models are widely available. However, when it is known before running the
experiment that the response will not be normally distributed, the power
calculations should reflect that knowledge. Software that calculates power
for experimental designs with generalized linear models often are not widely
available in commercial software; such calculations usually require Monte
Carlo simulation studies. It is important to take into account the knowledge
of the planned analysis when planning the test because different distributions
can require dramatically different sample sizes to achieve high effect power.

The goal of this paper is to provide a simple method to obtain power for a
generalized linear model by “transforming” the effect size in the power calcu-
lation for a classical linear model. Existing software (e.g., JMP, Minitab, and
Design Expert) that accommodate classical linear model power calculations
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allow the user to adjust the signal-to-noise ratio or alter the model coeffi-
cients under the alternative hypothesis. SNRx provides a means of setting the
signal-to-noise ratio or the coefficients so that the calculation represents the
generalized linear model power calculation. The target audience of SNRx is
the analyst who has statistical design experience and is comfortable working
with popular statistical software, but who is not inclined to calculate power
for generalized linear models using custom code and Monte Carlo simulation.

Research on generalized linear model power approximations is abundant
in the literature. Methods that apply to a single type of generalized model
include work by Whittemore [5], Signorini [6], O'Brien [7], Sheih [8], and
Dimedvenko [9]. These contributions focus on conducting a hypothesis test
on an individual model parameter.

Power approximation methods that generally apply to the family of gener-
alized linear models include work by Self and Mauritsen [10], Self, Mauritsen,
and O’hara [11], and Sheih [12]. These universal methods work within a gen-
eralized linear model framework and use the score, likelihood ratio, and Wald
test statistic, respectively, and accommodate composite hypothesis tests. Ad-
ditional work by Newson presents a generalized power calculation approach
based on the central-limit theorem applied to influence functions [13]. These
approaches are more rigorous than SNRx, and more flexible, but can be
difficult to understand and apply.

The remainder of the paper is organized as follows. Section 2 reviews
the classical linear and generalized linear model forms. Section 3 defines the
effect size for multi-level categorical factors. Section 4 proposes the SNRx
method. Section 5 presents three examples. Section 6 presents a simulation
study that compares SNRx power with power estimates from simulation.
Section 7 provides a discussion.

2. Model Formulation

SNRx provides a simple method to obtain power for a generalized linear
model by “transforming” the effect size in the power calculation for a classical
linear model. In this section we clarify the distinction between a classical
linear model and a generalized linear model.

2.1. Classical Linear Model

In introductory Design of Experiments textbooks, the fundamental sta-
tistical model, based on the normal distribution, is referred to as a classical
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linear model. This model has the form Y = M3 + €, where € ~ N (0, 02I).
The model matrix M is size n x r, where n is the number of runs, r is the
number of coefficients in the model, Y is the response vector of size n x 1, 3
is the coeflicient vector of size r x 1, and € is a vector of errors of size n x 1
that are independent and identically distributed.

The coefficient vector, 3, can be split into two vectors to accommodate
inference about a subset of the model. In splitting the coefficient vector, we
borrow the nomenclature used by Self and Mauritsen [10]. The vector, 1,
is size p x 1 and contains the coefficients to be tested. The other vector,
referred to as the nuisance parameters; A, is size (r — p) x 1 and contains the
remainder of the coefficients.

In a similar fashion, the model matrix, M, can be partitioned into the
corresponding test matrix, Z, and nuisance matrix, X, so that the linear pre-
dictors of the full model can be written as Z1 + X A. The same partitioning
of the coefficient vector and model matrix also holds for the generalized linear
model.

2.2. Generalized Linear Model

A generalized linear model is called so because it generalizes the classical
linear model. Developed by Nelder and Wedderburn in 1972, generalized
linear models include as special cases linear regression, logistic regression,
log-linear models for count data, and models for survival data. A generalized
linear model is defined in terms of its three components:

1. Random component. A generalized linear model has response vari-
ables, Y7, ..., Y,, that share the same distribution from the exponential
dispersion family[14], where the vth response of the experiment has an
expected value equal to the mean p,.

2. Systematic component. The unknown coefficients systematically
specify the linear predictor n, such that n, = Z,%¥ + X, A, where Z,
and X, represent the vth row of the test and nuisance matrix.

3. The link between the random and systematic components. The
link function g(-) relates the mean and linear predictor in the expression
g(y) = my. The link function is monotonic and invertible.

2.3. Model Inference

We are interested in the hypothesis that tests for the significance of a
multi-level categorical factor or interaction between multi-level categorical

4
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factors. Specifically, whether the coefficients belonging to a main effect or
two-factor interaction effect are equal to zero. Thus, the hypothesis test for
an individual effect is

H02¢:0
H1:¢7é0

The classical and generalized linear models use similar techniques for
evaluating these hypothesis tests. A classical linear model uses analysis of
variance (ANOVA), which is based on an F statistic. The analogue of an
ANOVA for generalized linear models is an analysis of deviance, which is
based on a likelihood ratio statistic [15].

Some classical linear model software allows the user to specify the details
of a planned experiment, and the software outputs the power associated
with the effect tests. More specifically, the user can input the design matrix,
choose the model form, set the anticipated coefficients 1 under H;, and
obtain power.

The SNRx method is useful in situations where the practitioner only
has access to classical linear model software, but is interested in calculating
power for a specific generalized linear model. In this situation, the SNRx
method sets ¢ under H; so that the ANOVA hypothesis test well represents
an analysis of deviance for the specific generalized linear model.

(1)

3. Sizing an Effect

In this paper we adopt Ohlert and Whitcomb’s approach for sizing an
effect. Among the steps to calculate power for the hypothesis test that we
introduced in the previous section, a practitioner sizes an effect by setting
under H;. Because there are nearly countless ways a practitioner could set 1),
a primary advantage of Ohlert and Whitcomb’s approach is that it provides
a consistent way of setting @. This results in consistent power estimates that
accommodate a fair comparison between competing experimental designs.

The best way to understand Ohlert and Whitcomb’s approach is to start
with the basic marginal means model. An intuitive way to define an effect
size is to do so in terms of units of the response variable. A marginal means
model provides this capability. Once an effect size is defined in terms of
marginal means, that effect size can be converted into classical linear model
vector of coefficients ) for use in power calculations.



145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

The marginal means model in Equation 2 includes two main effect marginal
means (p; and 7;) with a and b levels, respectively. The overall mean is de-
noted by po and p7;; is an interaction marginal mean.

E(yij) = pij = o+ pi + 75+ p7ij, i=1.,a , j=1,..0 (2)

The marginal means model has additional conditions that are sometimes
referred to as the “sum to zero” constraints. In Hocking’s notation [16], the
constraints on the main effect marginal means are:

a—1 b—1
PQZ—ZM ) Tb:_ZTj : (3)
i=1 j=1

The constraints on the interaction marginal mean ensure that the the
interaction marginal mean sums to zero across any subscript:

b—1
pTib:_ZpTij Zzl,,(a,—l)
j=1

a—1
praj=— pTij J=1,..,(b—1) (4)
=1
a—1 b—1
PTab = Z Z PTij
i=1 j=1

The constraints imply that an a-level main effect marginal mean can be
sufficiently described by a—1 coefficients. For the a-level main effect marginal
mean (p;) the corresponding coefficient vector (p) is of size (a—1) x 1. Let p
represent the vector of p; main effect marginal means, then the relationship
between marginal means p and coefficients p in matrix form is:

p=2A.p , (5)
where, in Hocking’s notation, the constrast matrix is A, = (L,—1| — Jo—1),
and I, is the identity matrix of size (a — 1) x (a — 1), and J,_; is a vector
of ones of size (a — 1) x 1. When a = 3 this relation can be written as ”
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P1 1 0 N
ml=10 1 H | (6)
P3 1 -1 U2

With this notation, the marginal means model in equation 2 can be writ-
ten in the classical linear model form as:

w=MpB |, (7)
where,
M:(Ja®Jb|AZ®Jb|Ja®AII;|AZ®A5) 3 (8>
and,
B =N " 7 opT'], (9)

and \;,; is the intercept coefficient.

As an example, when ¢ = 3 and b = 2 the marginal means model in
equation 7 can be written as equation 10. In equation 10, the mean (ug) is
said to be marginal to the main effects (p; or 7;) and the interaction (p7;),
and the main effects are marginal to the interaction [17].

11 [ 110 + p1 4+ 71 + p7a1 | I 1 0 1 1 Of N\
12 to + p1+ T2+ pTi2 1 1 0 -1 -1 O P1
por|  |potpe+Tmi+pra| (1 0 1 10 1 D2
poz| o+ prtTotprel |10 1 -1 0 -1 T1
H31 Mo + p3 + T+ pTa1 I -1 -1 1 -1 =1} |pmy
| H32 | fo + p3 + T2 + pT32 ] 1 -1 -1 -1 1 1] [p7o

(10)
Defining effects in terms of marginal means is intuitive to the experi-
menter because they are in units of the response variable. A drawback of
this approach could stem from confusion about the interpretation of marginal
mean parameters. For instance, since p; is marginal to p7;;, p; does not rep-
resent the overall average departure from pg. It represents the departure
from p after the effects of p7;; have been removed. Despite this potential
confusion, interpreting marginal means is still more intuitive than interpret-
ing coefficients. For more in-depth discussion about the interpretation of
marginal means, which are sometimes referred to as “least-squares means”
or “estimated population marginal means”, see references [18] and [19].

7
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Ohlert and Whitcomb’s unified approach defines the size of an effect as the
change in the mean response across the design space due to that effect [20].
They define this range in multiples of o, such that the effect size quantifies
the ratio of the signal to the noise, denoted by k = ¢/o.

For the purpose of describing the general procedure for converting marginal
means to coefficients, let p, represent the vector of components of the
marginal mean that corresponds to the effect under test (i.e. p; or 7; or p7;;).
That is, for the test on an a-level main effect we have p,, = Al4p, and for
a test on an interaction between an a-level factor and b-level factor we have
py = (AT @ AT)ep. In this notation x is the range of p,. With these
relationships we can calculate the coefficients under test using equation 11.
Note that the inverse in equation 11 is a generalized inverse.

Main Effect: ) = (Af)fl Ly
Two Factor Interaction: 1 = (A} ® AbT)fl oy

(11)

The second key part of Ohlert and Whitcomb’s unified approach is their
principle of conservatism. They state, “ report as power for a given size effect
the smallest possible power among all those effects with the given size.” This
statement fixes a consistency issue with the previous definition that defines
the effect size as the range of p,,. There are many possible configurations
of py that satisfy the constraints in equations 3 and 4, and have a range of
k. The principle of conservatism requires a search for the configuration that
yields the smallest power.

In summary, the following steps are used to size an effect within a classical
linear model. First, define x by choosing values for § and . Note that 6 and
o are in units of the response. Next, construct g, so that the range of p,; is
k. Then, use equation 11 to convert the marginal means to model coefficients
(%)), which are in turn used to calculate power. Iterate on configurations of
Wy to satisfy the principle of conservatism.

4. Signal-to-Noise Transformation Method

The objective of the signal-to-noise transformation method is to allow
one to calculate power for a generalized linear model by using power formu-
las that are intended for classical linear models. The motivation for this ap-
proach is that popular software packages accommodate classical linear model
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power calculations and also allow the user to manipulate the vector of test
coefficients, 1), and nuisance coefficients, A. Thus, the signal-to-noise trans-
formation method could be used successfully with information available in
standard software packages to approximate power for generalized linear mod-
els.

The approach assumes that for each run in the experiment (v = 1,2, ..,n)
the linear predictors, 7,, in a generalized linear model can be modeled as
the response variable, Y, in a classical linear model. That is, Y, = n, =
Z,p + X, A + €, where €, ~ N(0,5?), and the error term ¢, is independent
and identically distributed. The variance &2 is the “transformed” noise,
meaning it represents the variance of the linear predictor for the generalized
linear model.

Another assumption in this approach is that 62 is constant and is evalu-
ated at the overall mean across the design space ji. For example, an analyst
may anticipate a 70 percent average probability of detection across the de-
sign space fit with a logistic regression model. The overall mean i impacts
5% and, in turn, affects power.

A tenet of generalized linear models is that the variance of Y depends on
the mean, i, and dispersion parameter, ¢. Since we are assuming a non-zero
effect size for @ under the alternative hypothesis, an implication is that p is
not constant, thus neither is 2. For this reason, only small effect sizes should
be considered. In a later section, we use simulation to assess the consequence
of this assumption.

Another assumption is that the hypothesis test is constructed without
considering nuisance effects. That is, for the hypothesis test ¥» = 0, the
nuisance coefficients take the form A = (\;,; | 0)7. Without this assumption,
significant values of A could further invalidate the assumption that &2 is
constant because A impacts ¢ which in turn affects the variance of Y.

As in the previous section, we define the signal-to-noise ratio as k = § /0.
For SNRx, we must “transform” ¢ and o to the linear predictor space.

Since Y is a random variable with E(Y) = p, we can use g(Y) as an
estimator of g(u). From Casella and Berger [21], using the delta method, we
can say that approximately

B(g(Y)) = g(n)
Var(g(Y)) & [¢ ()] Var(Y)
We also know that for generalized linear models Var(Y') = a(¢)Var(u).

(12)

9
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Substituting this into equation 12, taking the square root, and evaluating
¢'(1) and Var(u) at i, we obtain an estimate of the noise:

o =/ Var(g(Y)) = ¢'(1)v/a(¢)Var(i) . (13)

Now that the noise is “transformed,” we turn our attention to the signal.
If the upper and lower bound of the signal of interest are i + ¢/2 and g —
d/2, we can convert this quantity to a value in the linear predictor space as
g(f+9/2) and g(fz — §/2), respectively, where g(-) is the link function for
the generalized linear model of interest.

The signal-to-noise ratio is then described as the ratio of the signal and
noise within the linear predictor space, as shown in equation 14. Parameters
used in equation 14 for common generalized linear models appears in Table
1.

_ 9(p+6/2) —g(p—6/2) (14)
g'(n)/a(@)V (i)
Family — g(p) g'(n)  V(w a(d) &
Normal p 1 1 o2 o
Binomial log (ﬁ) ﬁ p(l—p) 1 \/M(IZH

)
Gamma /% _/% — 2 Y /H2¢
I 1 \/E

Table 1: Parameters used in the calculation of s

Poisson  log(u)

The input parameters to the power calculation are intuitive and thus easy
to define. In Equation 14 the inputs 1 and ¢ are both in units of the response
variable. The other parameter, a(¢), is less intuitive, but can be understood
by plotting the density of Y, as we show in the gamma example later.

4.1. Calculating Approximate Coefficients from the SNRx

After calculating the signal-to-noise ratio in Equation 14, we proceed as
if it were a usual power calculation for an analysis of variance of a classical
linear model. To illustrate, assume one calculates power for a main effect for
a particular generalized linear model. Suppose the main effect p; has four
levels. Assume the interest is in detecting an effect size of §, and the nominal
response 1is fi.

10
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To construct the desired effect size, we let p, represent the vector of
marginal means for p;. We then set the components of p,, so that the range
is K, and it satisfies the principle of conservatism. Assume the configuration
that satisfies the principle of conservatism has the first level of the main effect
p1 equal to k/2, the second level py equal to —k/2, and all remaining levels
equal to zero. To convert the marginal means to coefficients, one can use
Equation 11:

-1

5 1 0 0 K/2

1

o 10 — /2

P2l =19 0o 1 0 (15)
P 1 -1 -1 0

4.2. Power Calculations for the Linear Model

To calculate power for the hypothesis test ¥» = 0, let ¥» = [p7  p2  p3
Then, following the approach by [22], the test statistic is constructed from
the residual sum of squares under the full and restricted models and is defined
as

I

f_n—TYT(HO—H)Y
 p YTI-H)Y'’

where the hat matrices are H = M(M*TM)*M?" and Hy, = X (XTX) 1 XT.
Under the null hypothesis the test statistic follows a central F' distribution
where p is the number of parameters to be tested, r is the number of param-
eters in the full model, and n — r denominator degrees of freedom. Under
the alternative hypothesis the test statistic follows a non-central F' distribu-
tion with p numerator degrees of freedom and n — r denominator degrees of
freedom with non-centrality parameter vp given in 17.

(16)

v = (Z)" (I — Ho) (Z9). (17)

Given the distribution of the test statistic under the null and alternative
hypotheses, one calculates power in the usual way. The critical value is

fcrit:F(l_aapan_r) ) (18>

where F is the F central quantile function, and « is the level of significance.
The power of the test is

11
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1_F(fcrit7pan_T77F) ) (19)

where F is the non-central F distribution function.

5. Examples

This section provides three examples that implement the SNRx method
to calculate power. In each example a different generalized linear model is
chosen.

The design for each example is the same, which is a full factorial experi-
ment with three factors that is replicated four times (96 total observations).
The first, second, and third factors have two, three, and four levels, respec-
tively. The ijkth treatment combination of the linear predictor is

Nijk = Pi T Tj + Wk + PpTij + pwik + TWjk (20)

where 1 = 1,2;5 = 1,2,3;k = 1,2,3,4. A typical approach reports power
for all main effects and two factor interactions, assuming the design supports
sufficient error degrees of freedom. For brevity, each example demonstrates a
power calculation for a single main effect and a single two factor interaction.

5.1. Logistic Regression Example

In logistic regression the response variable for a single run represents a
binary random variable (0 or 1). In this example let 1 and 0 represent a
success and failure, respectively. In an experiment with N groups or strata,
Y, represents the number of successes in the vth group out of m, attempts,
where v = 1,2, ..., N. Then, a logistic regression model assumes that Y, ~
binom(my,, m,).

A few pieces of information are needed to set up the power calculations.
The first is the assumed mean response across the design space, u. For
logistic regression, the mean response is bounded between zero and one and
represents the average probability of success across the design space. For
this example we will assume a nominal 70 percent probability of success or
in=0.7.

The second element is 9. Recall that § is the change in the mean response
that is symmetric about fi, as shown in Equation 14. In this example we will
assume ¢ = 0.3 so that the change of interest ranges from 0.55 to 0.85, or 55
to 85 percent probability of success.

12
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Figure 1: Binomial mass function for different distributional Parameters

The next step is to calculate the signal-to-noise ratio k. The signal-
to-noise ratio can be directly inputted into some software, such as Design
Expert, and the corresponding effect power is outputted. In other software,
such as JMP, the coefficients anticipated under the alternative hypothesis (1)
must be manually inputted using the approach outlined below. Plugging the
assumed values for this example into Equation 14 we get

T+.3/2 7—.3/2
o l09(17(.7+.{°,/2)) - l09(17(.77./3/2)) - (21)
e V(). 7(1=.7)

To obtain the approximate coefficients we construct the marginal mean
effect so that its range is equal to x, and then convert the marginal mean
effect to coefficients using Equation 11. We demonstrate this process for the
three-level main effect 7;. Using equation 11 the relationship between the
effect coefficients and the marginal mean effect is

-1

= 1 0 1
Lj =10 1 | . (22)
-1 -1 73
Next, the levels of 7, 7, and 73 are set so that their range is equal to
k. Additionally, Ohlert and Whitcomb’s principle of conservatism requires
a search of the possible configurations of 7; to find the pairwise difference
between components of 7; that yields the minimum power. Details about
this process can be found in their paper [20]. After conducting the search,
we identify a pairwise difference that yields minimum power, and set the first
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10 07 [.70/2]
0 1 0 —.70/2
p 0 0 1 0
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PP =1 0 0 —.70/2 (25)
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11 1] | o |
us Solving equation 25, we get o = [plu,, puw, plgg] = [70/2  —.70/2 0]
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level of 7; equal to /2 and the second level equal to —x/2. Equation 22 now

becomes
. 1 017"'[.70/2
[}1: 0 1 —.70/2 (23)
2 1 -1 0

Solving equation 23, we get @ = [/, 7]’ = [.70/2

—.70/2]".

Next, consider the interaction pw;;. Similar to the main effect calculation,
we will use Equation 11 to calculate the coefficients from the marginal means.
This relationship is written as

[ 1

- -1 r -

0 0 PW11

0 1 0 PW12

~ 0 0 1 PW13

PY11

o e IR o (24

Pis 0 —1 0 PW22

0 0 —1 PwW23

L 1 1 1 ] | P24 |

Next, we set the levels of pw;; so that the range is equal to k. Note

the values that are chosen for pw;; must satisfy the constraints shown in
Equation 4. Additionally, the principle of conservatism requires a search of
the possible configurations of pw;; for that which yields the minimum power.
After conducting this search, we arrive at the configuration in Equation 25.

-1

At this point we have an approximation of the anticipated coefficients
0 that can be inputed into software. The rest of this example demonstrates
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the power calculation manually. As mentioned before, the design is a full
factorial that is replicated four times so the model matrix M is size 96 x 18.
The first column of M corresponds to the intercept, columns 2 through 7
correspond to the main effects, and columns 8 through 18 correspond to the
two factor interactions. The coefficient vector 3 is size 18 x 1.The power
calculation requires that we divide the model matrix into the test matrix Z
and the nuisance matrix X.

For the test on the main effect 7; the test matrix Z is size 96 x 2, and
the test coefficient vector that we calculated before () is size 2 x 1. The
nuisance matrix is 96 x 16. We calculate the hat matrix Hy, and use Hy, Z,
and 1 in Equation 17 to find the the non-centrality parameter v = 7.91.
By setting the significance o = 0.05, we find the critical F' value f..;; = 3.11,
and then power equals 0.69. An adequate test design requires 290 samples
to provide 80 percent power.

For the test on the interaction pw;; the test matrix Z is size 96 x 3, and
the test coefficient vector 4 is size 3 x 1. The nuisance matrix X is size
96 x 15. Next, we calculate the hat matrix Hy, then use Hy, Z, and 9 in
Equation 17 to find the the non-centrality parameter v = 5.92. By setting
the significance a = 0.05, we find the critical F' value f..; = 2.72, and then
power equals 0.49. An adequate test design requires 440 samples to provide
80 percent power.

Figure 2 shows power as a function of 4, i, and sample size for four of
the model effects. We assume a fixed significance level a equal to 0.05. The
horizontal axis shows the sample size for the experimental design, which was
generated using a D-optimal algorithm. As we expect, power increases with
an increase of § or sample size. Power is less for g = 0.5, compared to
it = 0.7, because the variance in the response variable is greatest at i = 0.5.
Lastly, among the four effects that are plotted as different colors in Figure
2, we see that power decreases as the number of degrees of freedom in the
effect increases.

5.2. Gamma Generalized Linear Model Example

In an n run experiment, a gamma generalized linear model assumes that
the response variables are independent gamma observations Y7, Y5, ..., Y,
where E(Y,) = p,. Y, is assumed to follow a gamma distribution, which
is expressed as Y, ~ G(1/¢, p, @), where 1/¢ is the shape parameter and fi,¢
is the scale parameter.
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Figure 2: Power Trend for Logistic Regression Model Example

To understand the influence of ¢, we can plot the densities of G(1/¢, p,¢)
for different values of p, and ¢, as shown in Figure 3. As ¢ becomes larger,
the kurtosis of the density decreases and the variability of Y, increases. A
special case of the gamma distribution is ¢ = 1, which is the exponential
distribution. In planning an experiment, it is always best to estimate ¢ from
historical data.

For this example, we are interested in testing a projectile weapon, and
the response variable is miss distance. We assume the dispersion parameter
¢ equals .1, and the overall mean response i equals 20 feet. We are interested
in detecting a change in the mean response § equal to 6 feet.

Using the formula in Table 1 with equation 14, we calculate the signal-
to-noise ratio as

(20+6/2)"1 — (20— 6/2)~! B

—1/,/(202)(.1) =97 (26)

Similar to the logistic regression example, we construct the marginal mean
effect so that its range is equal to k. We then convert that marginal mean
effect to coefficients using Equation 11. For the power calculation on the
main effect we find ¢ = [7; 7] = [48 — .48]. Then, using the same steps
as the logistic regression example, and using the experimental design outlined
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Figure 3: Densities for various shape and scale parameters for the gamma distribution

at the beginning of this section, a = .05, v = 15.07, f..;; = 3.11, and power
is equal to 0.94.

For the power calculation on the interaction we get ¥ = [pw,; pwiy  pwys] =

.48 — .48 0]. Then, using the same steps as before, o = .05, vz = 11.30,
ferie = 2.72, and power is equal to 0.79.

Figure 4 shows power as a function of §, i, ¢, and sample size for four of
the model effects. We assume a fixed significance level a equal to 0.05. The
horizontal axis shows the sample size for the experimental design, which was
generated using a D-optimal algorithm. As in the previous example, power
increases with an increase of § or sample size. Power is less for u = 30,
compared to i1 = 20, because the noise in the response variable increases as
the overall mean increases. Lastly, among the four effects that are plotted
as different colors in Figure 4, we see that power decreases as the number of
degrees of freedom in the effect increases.

5.3. Poisson Generalized Linear Model Example

Let Yy, ..., Yy be independent random variables with Y,, denoting the num-
ber of events observed from the vth treatment combination, where Y, ~
Poisson(i,). In this example we let Y, represent the number of aircraft fail-
ures during the vth mission, and there are N total missions. We assume that
the length of each mission is constant. Figure 5 shows the distribution of Y,
for different values of p,,.

Assume that we anticipate an overall mean response of 2.5 failures (i =
2.5), and that we would like to detect an effect size of 1.5 failures (§ = 1.5).
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a7 The first step is to calculate the signal-to-noise ratio. Using the formula for
28 the Poisson distribution in Table 1 with equation 14, we get

. log(2.5 4+ 1.5/2) —log(2.5 — 1.5/2)

Vi

429 Similar to the logistic regression example, we construct the marginal mean
a0 effect so that its range is equal to k. We then convert that marginal mean
a1 effect to coefficients using Equation 11.

— 98 . (27)

432 For the main effect power calculation we get ¥ = [7; 72| = [49 — .49].
a3 Then, with a = .05, yp = 15.32, and f..;; = 3.11, power is equal to 0.94.
434 For the power calculation on the interaction we get ¥ = [pw,;, plyy  pwig] =

s 49 — .49 0]. Then, with o = .05, yp = 11.50, fee = 2.72, power is equal
a6 to 0.80.

a37 Figure 6 shows power as a function of 4, i, and sample size for four of
a8 the model effects. We assume a fixed significance level a equal to 0.05. The
10 horizontal axis shows the sample size for the experimental design, which was
mo  generated using a D-optimal algorithm. As we expect, power increases with
s an increase of § or sample size. Power is less for i = 3.5, compared to
a2 1 = 2.5, because the noise in the response variable increases with ji. Lastly,
a3 among the four effects that are plotted as different colors in Figure 6, we
us  see that power decreases as the number of degrees of freedom in the effect
w5 Increases.

wus 6. Simulation Study

wr 6.1, Stmulation Setup

Model i =small g =large 0 =small = large ¢

Binomial 0.5 0.7 0.1 0.2 1
Poisson 7 11 1 2 1
Gamma 15 20 3 5 0.2, 0.3

Table 2: Simulation parameters.
a8 This section compares power from SNRx to power calculated from Monte

uo  Carlo simulation based on a likelihood ratio statistic. We investigate three
o generalized linear models for various values of p, 0, and ¢. Each model
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uses the canonical link, and has the same model effects as described in the
examples section (equation 20). We consider two different replicated factorial
experiments with a small and large sample size. For logistic regression, we
investigate larger sample sizes than the Poisson or gamma models, so that
we can achieve adequate power for reasonable effect sizes. The simulation
assumes a Type I error rate () equal 0.05. A summary of the simulation
input parameters appears in Table 2.

A proper comparison between SNRx and simulation requires a compa-
rable hypothesis test. Recall that the SNRx hypothesis test is conducted
on the coefficients of the classical linear model. The simulation approach is
based on the likelihood ratio statistic from an analysis of deviance, so it is
conducted on the coefficients of the generalized linear model. The hypothe-
sis test on the coefficients of the generalized linear model is 9 = 0, and the
model takes the form

g(:uv) = XA+ Zv"p > (28>

where the mean response of the ith run in the design is p, = E(Y,), X, is
the vth row of the nuissance matrix, Z, is the vth row of the test matrix,
and g¢(-) is the link function. Thus, to compare power between SNRx and
simulation we need to construct ¢ and A for the generalized linear model.
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A comparable hypothesis test uses the same inputs as the SNRx approach.
The nominal mean response across the design space is ji, and the change in
the mean response is §. This leads to a similar approach as before. We first
define the effect size in terms of the response and then convert that effect
size to coefficients. A difference here is that the effect size is first converted
to values in the linear predictor space (Equation 20), and then it is converted
to coefficients (¢ and A). The procedure is as follows.

We first solve for the average response in the linear predictor space using
the relationship 79 = g(fz). Then, we numerically solve equation 29 for 6,),
where 7y and 0 are known. In this equation 4,  represents the range of the
effect within the linear predictor space.

g (o +0,/2) =g (no—0,/2) =0 (29)
Now that we have have calculated the effect size in terms of the linear pre-
dictor, we can express that effect size in terms of the marginal means model
from equation 20. Then, we use equation 11 to calculate the coefficients (1
and A).
For example, to test the main effect 7; using a logistic regression model
with 0 = 0.2 and 1 = 0.7, equation 11 can be written as
) 1 077 [6,/2
{ } =10 1 —0,/2 . (30)
-1 -1 0

Inserting the solution of equation 29 into equation 30 and solving equation
30, gives A,y = .847 and @ = [.[481 — .481]. For the two factor interaction
we get Ny = .847 and ¥ = [481 — 481 0]. Note that the nuisance
coefficients take the form A = (A | O)T. This procedure of generating 1
and A is carried out for each variation of simulation inputs (each combination
of model, ¢, fi, ¢ shown in Table 2).

Monte Carlo simulation uses the usual likelihood ratio test that is com-
monly calculated in software that produces analysis of deviance tables for
generalized linear models. The simulation calculation steps are described
below.

1. Construct 9 and A, which represent the assumed true values of the
model coefficients under the alternative hypothesis.
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2. Draw y, from the probability distribution or mass function of the form
fly | ¥, A ¢) for each run in the experiment (v = 1,2,...., N). For
instance, for logistic regression, draw y, from Binom(1, p,) for each
run in the design, where p, = g7 (X, + Z, ).

3. Fit the full model, of the form XX + Z1, to y, to obtain estimates of
A and 1,@

4. Fit the restricted or null model, of the form XA\, to y; to obtain an
estimate of Ag. Set 1y equal to zeros.

5. Calculate the likelihood ratio statistic, T = 2[I(tb, A)—I(2bg, Ao)], where
[(+) is the log-likelihood.

6. Iterate steps 2 through 5 to obtain a distribution of likelihood ratio
statistics. This is the alternative distribution of the test statistic. We
used 10,000 iterations.

7. Calculate the critical value from the null distribution of the test statistic
as Tore = X*(1 — o, p).

8. Calculate power as the proportion of iterations that result in 7" > T,,.;;.

6.2. Simulation Results

The results of the simulation study in Table 3 verify that SNRx success-
fully generates accurate power estimates. Power from SNRx agrees with the
simulated values that are based on the likelihood ratio statistic. As we pre-
viously mentioned, a potential source of inaccuracy for SNRx comes from
the assumption that % is constant. More specifically, in SNRx we define
the effect size by changes in p. We know that for generalized linear models
Var(u) depends on g, thus Var(u) is not constant. But in SNRx we assume
it is anyway, and evaluate it at n with the hope that small values of ¢ lead
to a negligible inaccuracy of power. For the conditions simulated, this seems
to be true.

7. Discussion

Through a series of reasonable assumptions, SNRx enables generalized
linear model power approximations using an F-test. The main assumption is
that &2 is constant. The second assumption is that their are no nuisance ef-
fects. Given these assumptions, and for small effect sizes, the SNRx method
generates power estimates that closely resemble that of a more typical like-
lihood ratio statistic, simulation-based approach.
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it = small it = small i = large i = large
0 = small 0 = large 0 = small 0 = large

Model N  Effect SNRx Sim SNRx Sim SNRx Sim SNRx Sim

Binom 240 7 0.19 0.21 062 065 022 025 0.72 0.72
p=1 PWik; 0.13 0.15 043 047 0.15 0.17 0.51 0.53
480 7 034 036 091 091 040 042 096 0.95

PWik 022 025 075 0.7 026 028 0.84 0.83

Poisson 72 7; 020 0.19 064 063 014 014 045 043
p=1 PWik; 0.14 0.13 045 043 0.10 0.10 0.29 0.28
144 75 037 036 092 092 024 024 0.7 0.75

PWik; 024 023 077 077 016 0.16 0.56 0.55

Gamma 72 T 026 026 060 063 016 0.16 037 0.38
¢ =.2 PWik 0.17 0.17 042 043 0.12 0.11 0.25 0.25
144 75 047 049 090 092 029 029 0.68 0.69

PWik; 032 032 073 077 020 019 048 049

Gamma 72 T 0.18 0.18 043 046 0.13 0.12 0.27 0.27
¢=.3 PWik; 012 013 028 030 0.09 0.09 017 0.18
144 75 033 034 073 078 021 020 049 0.51

PWik 022 022 054 058 014 014 033 034

Table 3: Each cell lists the power for the corresponding fi, §, experimental design, ¢, and
power calculation method. See Table 2 for the specific values of i and § for each model.

The SNRx approach is useful for analysts that have access to software
that calculates power for classical linear models using an F-test, but don’t
have programming knowledge or access to software that calculates power for
generalized linear models using simulation or other approximation methods.
Moreover, it provides a quick methodology for comparing multiple designs of
varying sizes.

In this paper we size the effect following the unified approach by Ohlert
and Whitcomb. There are two benefits of this approach. The first benefit is
related to the first key element of their approach, which states that the effect
size is the range in the response due to that effect. This leads to an effect
size that is defined in units of the response, which is a very intuitive way of
defining an effect size. Also, the inputs to this effect size calculation are few
and simple: the mean response across the design space ji, the change in the
mean due to an effect ¢, and the dispersion parameter.
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The second benefit comes from the principle of conservatism. This part
of the unified effect size definition ensures that the estimate of power is
consistent. This means that for an experimental design with a set effect size
and model form, two separate organizations will calculate the same value of
power. This is beneficial in the world of defense testing where there is much
bargaining over experimental design changes. The consistent power estimate
simplifies the bargaining process.

Despite all these benefits, we also have a few words of caution. The
unified approach to sizing an effect is useful when a new system is tested in
a new environment and past test data is unavailable to inform the precise
anticipated effect size or model coefficients. If past test data is available, it
is more prudent to use that data to define effect sizes for individual effects
within the model.

As another word of caution, large effect sizes could lead to inaccurate
SNRx power estimates. A large effect size invalidates the assumption that &2
is constant. This assumption is further invalidated if large nuisance effects are
anticipated. At the same time, we recognize that large effect sizes are easier
to detect, often resulting in adequate power. The SNRx method generates
accurate power estimates as long as small effect sizes are assumed.

Future work could investigate alternative unified effect size definitions for
generalized linear models. Ohlert and Whitcomb’s unified approach works
well for classical linear model power calculations, making it suitable for the
SNRx method, but it is not tailored for generalized linear models. A unified
effect size definition for a generalized linear model would account for nuisance
effects (i.e. not assume nuisance effects are equal to zero as we do in SNRx),
and would accommodate large effect sizes. This alternative unified approach
would work entirely within a generalized linear model framework, and could
leverage the likelihood ratio statistic-based power approximation approach
by Self and Mauritsen.

The authors have developed an R Shiny application that evaluates power
using both SNRx and Monte Carlo simulation. The application and source
code are available upon request.
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